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The use of spin echoes to refocus one-spin interactions (chem- ated by small modifications to the corresponding pulse st
ical shifts) and two-spin interactions (spin-spin couplings) playsa  quences.
central role in both conventional NMR experiments and NMR A pulse sequence for achieving this simplification in &
quantum computation. Here we describe schemes for efficient 4 gpin system is shown in Fig. 1. In this case the refocusin
refocusmg of such mteract_lons in both fully and partially coupled process is simple and can be achieved with only two tim
Spin systems.  © 1999 Academic Press . . o
Key Words: spin echo; hadamard; quantum computation; graph; .pe”OdS’ separated by a'smgle 1080 pulse. Fpr completenes
proper coloring. is necessary to a.pply a final 180° pulse to spin 1 to ensure tf
each spin experiences an even number of 180° pulses (
gates), but in many cases such pulses can be omitted. Wt
applied to larger spin systems, however, it is necessary
I. INTRODUCTION refocus many more interactions, requiring a larger number
time periods. The conventional approad) is to recursively

Much of the power and utility of NMR stems from the eas@est copies of sequences like that shown in 'Fig. 1 within or
with which the experimenter can control the effective HamiﬁmOthE_”’ as.showr} for a fully cqupled fgur-spm system |n.F|g
tonian experienced by the spin system. In conventional NM V\./h.lle thls nesting process is 'effectlv.e, it is exponentiall
(2) this permits different interactions to be studied individuall)),nem,c'ent' in that the number Of, time periods and 18,0 pulse
while in NMR quantum computatior2¢5) this process is used requwed grows gxponentlally with the numper of spins in the
to generate Hamiltonians corresponding to quantum logic gatcégn sys'tem: Wh,'le,z a fqur-spln sygtem re?uwes 'that the evo!ll
between specific sping). This manipulation can be achieved'o" perlod be Q|V|ded Into 8 sections, a five-spin system wi
using a variety of technique&)( but the simplest and mostreqllj';]e 16hsehqtlons, {;\nd soon. idel ithi
important approach is the use of spin echoes. Applying a 18Q A\t ou? this ne?;.ln.g procgss IS very \.'lv'd?y used withir
pulse to a single spin in the middle of some evolution peri MR’ i_ arf’p‘?re € |fC|ent.sc er;:e IS aval ar? & rljerg we de
acts to refocus any evolution occurring as a result of one-5|3<9|1:‘|”bet IS€ |C|ehnt re OC‘;fS'”Q SC emgl a”‘?' shownow itmay b
interactions (that is, chemical shifts) or two-spin interactiorS€d 10 creatgt e two e ectlye Ham| tomans described apo
(spin—spin coupling, assumed to eak involving that spin. (9). We also discuss the application of this scheme to partiall

Thus the corresponding terms in the spin Hamiltonian aFQUDIed spin systems and some practical issues arising from
effectively deleted application in homonuclear systems.

This approach is simple to apply in systems containing only
a small number of coupled spins, but must be treated with Il. THEORY
caution when applied to larger systems, especially when all the
spins are coupled to one another. The Hamiltonian describingWhile spin echo sequences are usually drawn out as s
evolution of a fully coupled spin system bif spins contain®  quences of pulses, as shown above, it is more convenient
one-spin terms anll(N — 1)/2 two-spin terms, and it would describe a sequence mathematically by considering the evo
be possible to produce a large number of effective Hamiltortion of each spin during the various equal time periods of fre
ans, corresponding to any desired combination of these termpecession (the 180° pulses are assumed to be of negligil
For simplicity we will concentrate on one particularly simpleluration). Suppose that before the start of the spin echo <
Hamiltonian in which only one chemical shift term is retainedjuence a spin is in a state pf= +1 quantum coherence; the
two other simple Hamiltonians (in which only one coupling igffect of the 180° pulse is to convert this tol quantum
retained or all interactions are refocused) can be easily genewherence, and vice versa. The evolution of the spin wi
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FIG. 1. Pulse sequence for generating a simple effective Hamiltonian in a
two-spin (° andl') system; boxes correspond to 180° pulses. This sequence I2 ﬂ ﬂ

generates the Hamiltonian corresponding to the chemical shift of sgif):0 (
the final 180° pulse, shown as a dashed box, can often be omitted.

r__]] 1 [ 1

G. 2. A pulse sequence for generating the effective Hamiltohfain a
coupled four-spin system; boxes correspond to 180° pulses.

depend on its coherence order, and thus the evolution dur}[}g,l

any period can be described by a set of numbers taking the

values+1 and—1, where the value changes sign each time a

180° pulse is applied to the spin. The Hadamard matrix corresponding to a two-spin systen
These sets of values can then be gathered together intp a takes the simple form

matrix, whose rows correspond to the individual spins and

whose columns correspond to the different time periods. Thus 1 1

the sequence depicted in Fig. 1 can be described by the matrix H, =M, = (1 _1), [3]

1 1 and so the conventional two-spin sequence (Fig. 1) is, ni
M, = (1 —1)’ [1] surprisingly, the most efficient. The four-spin Hadamard ma
trix, H,, can be calculated using

while that shown in Fig. 2 corresponds to the matrix 11 1 1
1 -1 1 -1

Hi=H,®H, = 1 1 -1 -1/ (4]
1 1 1 1 1 1 1 -1 -1 1

1
1 1 1 1 -1 -1 -1 -1
M, = 1 1 -1 -1 -1 -1 1 1/ [2] and is only half the size of its conventional equivalét, (Eq.
1 -1 -1 1 1 -1 -1 1 [2]). The corresponding pulse sequence, shown in Fig. 3,

similarly shorter than the conventional equivalent (Fig. 2)
Note that, with the exception of spin 0, there is no particula

The refocusing effected by these pulse sequences can thegjggificance to the spin labels, and individual nuclei can b

easily explained by examining the properties of the corrassigned to the different spin numbers at will.

sponding matrices. The chemical shift of a spin will be refo- Unlike conventional spin echo sequences, these efficie

cused as long as the corresponding row of the matix sequences involve the application of simultaneous 180° puls

contains the same number of plus and minus ones. Similagtytwo or more spins. In principle this need not be a problern

the (weak) coupling between two spins will be refocused if thsut in practice it may be necessary to choBsdield strengths

vector obtained by multiplying pairs of numbers from the rowgith care, so as to minimize the effects of Hartmann—Hah

corresponding to the two spins contains the same numbert@insfers (whether homonuclear or heteronuclear). Practic

plus and minus ones. More concisely, a spin—spin coupling wWidlsues of this kind are discussed in more detail below.
be refocused if the corresponding rows are orthogonal, while a

chemical shift will be refocused if the corresponding row is

orthogonal to a row of ones. 10
These two properties are sufficient to allow us to construct
refocusing matrices, and thus pulse sequences, with the desired
properties. Consider a system Wfspins, where we wish to I H H H
refocus all the interactionsxceptthe chemical shift of spin 0.
This can be achieved by constructing a refocusing matrix I2 H

comprising one row of ones amdl— 1 rows of plus and minus

ones, all of which are orthogonal to one another and to the first 5 H H

row; the most efficient refocusing sequence will correspond to I

the matrix with the smallest number of columns. Such matrices:ig. 3. An efficient pulse sequence for generating the effective Hamilto
are closely related to the well-known Hadamard matrices. nianl? in a fully coupled four-spin system.
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With slight modifications, these pulse sequences can also be o
used to generate effective Hamiltonians corresponding to a

single spin—spin coupling. The procedure is straightforward: to 2 H H H H H H H
generate a pure coupling between spins 0 and 1 (for example),
simply copy the pulses applied to spin 1 and apply them to spin
0. Similarly, a pulse sequence in whieli one- and two-spin T? ﬂ ﬂ ﬂ
interactions are refocused in &hspin system can be obtained
by using the bottonN lines of a sequence which refocuses 3 n H ﬂ ﬂ
everything except the first chemical shift in &h+ 1 spin
system.
The usefulness of this procedure depends on the existence of 4 H
Hadamard matrices with appropriate dimensions. Ideally the
matrix should have the same size as the number of spins inthe . |—] H H H H H

spin system. Unfortunately it is usually only possible to form
Hadamard matrices whose dimension is a multiple of 4 (the 2

by 2 Hadamard matrixH,, is a special case); Hadamard 6 ﬂ H
matrices can be formed for many (although not all) multiples of

4, including all such multiples below 5@, 11). When the . H ﬂ H H H
number of spins isota multiple of 4, it is instead necessary to I

use the next largest appropriate multiple of 4 and select amic. 4. An efficient pulse sequence for generating the effective Hamilto
appropriate subset of the corresponding pulse sequenceniéni? in afully coupled eight-spin system. The conventional sequence woul
general this subset would probably be chosen to minimize tf§guire 127 pulses distributed over 128 delay periods.
number of simultaneous pulses in the pulse sequence. For
example, in a three-spin system one possible pulse sequena®iscomplete graph. A graph can be colored, by assigning ea
to use the lines labeletf, 1%, andI® in Fig. 3; this choice vertex one of a number of different colors, and the colorin
corresponds to the conventional pulse sequence! This proseheme is called a proper coloring if no two connected vertice
dure is always more efficient than the conventional approaale the same color. The graph may then be characterized b
except for the case of two or three spins: in these cases teomatic numbery: this is the smallest number of colors
conventional and Hadamard approaches give identical segquired to properly color the graph. In a complete graph (
quences. fully coupled spin systemy = N, but in a partially coupled
A discussed below, in real systems where only some of tegstemy can be much smaller.
possible couplings are present it is not necessary to refocus allhe significance of this observation is that if a spin syster
the couplings, and it is instead possible to use simpler puliserepresented by a properly colored graph, then it is nc
sequences. Spin coupling networks in molecules are usuailcessary to refocus interactions between nuclei correspondi
quite local, with resolved couplings only being seen to a smadl vertices with the same color. To refocus all the interaction
number of close neighbors; it seems likely that the four-spin an N spin system it suffices to create a pulse sequen
(Fig. 3) and eight-spin (Fig. 4) sequences would suffice faorresponding to g spin system and apply identical pulses tc

almost any system. all nuclei with the same color. In this case there is no need fc
further concern about Hartmann—Hahn transfers, as these :
111. PARTIALLY COUPLED SPIN SYSTEMS ditional simultaneous pulses will only be applied to spins

which are not coupled to one another.

In real life fully coupled spin systems are rather rare; in most Clearly this approach is only practical if it is easy to deter
cases only a small subset of the possible couplings can rhae both the value of and a corresponding proper coloring.
resolved. It is not necessary to refocus all these unresolMedgeneral this is extremely difficult: indeed, determinipds
couplings, which are effectively absent, and thus the refocusiag NP hard problem. This difficulty is, however, more apparer
process can be greatly simplified. In small spin systems ittizan real, as it is relatively simple to estimateand to find
practical to derive such simplified sequences by hand, butdarresponding proper colorings, for certain simple types c
larger systems it is useful to have an algorithmic procedure gyaph such as those likely to occur in coupled spin systems.
which this can be achieved. the maximum number of edges at any vertex (that is, th

This is simply realized by treating the spin system as raaximum number of spins coupled to any other spit) ihen
noncomplete graphl@). A graph comprises a set of verticesthe graph is said to be of degrkeandy = k + 1; in all but
connected by edges; this corresponds to a set of nuclei carfew special caseg < k. Furthermore, it is easy to construct
nected byJ-couplings. A partially coupled spin system, ina proper coloring using at mokt(or k + 1) colors. Creating
which some of the couplings are absent, corresponds ta @equence which refocuses all interactions except one che
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ical shift or oneJ-coupling is slightly more complicated, butshift ranges, it should be possible to apply these new refocu
the simplest approach is to assign the nuclei in questioning sequences without severe problems.

unique color; at worst this will increase the number of colors
required by 1. V. CONCLUSIONS

The use of Hadamard matrices and noncomplete grap
provides a powerful language for describing pulse sequenc

The sequences described above can be immediately apphdtich refocus one-spin and two-spin interactions in NMR
to fully heteronuclear spin systems. In this case the assumptigiS @Pproach permits the construction of refocusing puls
of weak couplings is good, and it is possible to implemeS€auences which are much shorter than their conventlorj
spin-selective pulses using short hard pulses. Unfortunat&uivalents. However, some care must be taken when applyi
this approach cannot be applied very far, as the number BiS @pproach to homonuclear spin systems.
suitable spin-nuclei available is small, and so it is not possible
to simply use a different nucleus for each qubit.
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spin—spin coupling (typically given by the antiphase condi-
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